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Abstract. How do we explain 1-to-1 mapping between three parameters well-fitted by MLE 

estimates to a single function that describes all the degree distributions of a particular set of 

social networks and that also describes all the degree-distribution outcomes of a generative 

network model? The generative model is known as the social circles or feedback networks 

model with parameters α, β, γ that govern the simulation and outcome parameters δ, κ and q 

for the shapes and scales of the degree distributions of the networks it generates (WKTFW: 

eqn. 4). The 1-1 mapping from model parameters (α, β, γ) ↔ (δ, κ, q) has already been 

described and weakly tested as 1-1 from extensive simulation results. Can we describe 

through appropriate MLE statistics a clear inferential route to explanatory modeling with the 

social circles model? 

The conditions for a quasi-maximum likelihood estimator (QMLE) (e.g., H. White (1982, 

1994)). describe the problem posed. The equation that fits the degree distributions passes 

most of the tests that qualify for a quasi-maximum likelihood estimator, which converges 

under conditions given by H. White (1982,1994) to the solution to the problem 
 

q,,
max
κδ

 ℓ (δ,κ,q;α,β,γ) ≡ ∫ ln p(κ; δ,κ,q)( κ;α,β,γ) dη(κ), 
 

where ηis the counting measure on the integers. 

When, as is typically the case, the above maximization problem satisfies the 

hypotheses of the theorem of the maximum (e.g., Berge, 1963), the 1-to-1 mapping 

condition is satisfied. H. White and Chalak (2006, Theorem 4.2) give conditions for 

application of the theorem of the maximum in a related context. 

                                                 
1 The questions raised in this exegesis arose from discussions with Haifeng Du involving curve fitting for 35 
relation network degree distributions any my noticing the connection between their parameters and those of the 
social circles generative model studied with Nataša Kejžar, Constantino Tsallis, Doyne Farmer, and Scott White. 
Carter Butts provided the stimulus to asking about explanations for 1-1 mappings of model and fitted 
parameters, and raised the need for MLE estimates. Cosma Shalizi responded by providing R software for 
Pareto II and thus for q-exponential MLE estimates. Scott White and Halbert White helped in a joint exploration 
of issues relevant to the exponential family and the mean value parameter theorem which might explain the 1-1 
mappings we were observing both within the generative model and between fitted simulation outcomes and 
distributions studied with Haifeng Du. Scott White, Cosma Shalizi, and Chris Genovese verified results on 
exponential families and raised further questions. Hal White provided the eventual answer to the question. 
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Network theory is in need of generative models that can serve as explanatory paradigms. 

Barabási (2002) attempted to do so with the single parameter-constant (α=1) in p(k)~k-α, the 

scale-free generative network model, where p(k) is the probability of the next link being 

chosen to a node with degree k in an evolving network, α=1 being a “universal” constant for 

“preferential attraction.”2 The explanatory theory offered by Barabási and colleagues for 

large networks would require that for nodes to link preferentially to hubs they much possess 

“perfect detectors” of the degree of other nodes in the network. Google, for example, might 

serve as such a detector, combining with “preferential attraction” to explain the observed 

power-law tendencies for degree distributions of number of incoming links for nodes (web 

sites) on the internet. In models of probabilistic network evolution, adding nodes and 

requiring randomly chosen existing nodes to link with others according to their degree and 

p(k)~1/k, the resultant degree distributions will have a power-law slope that approaches 3 in 

the limit as the number of nodes approaches infinity. Alternatively, one could utilize a 

generating function to model an activity bias p(k)~k-α for a node with degree k to link to a 

randomly chosen node. From a degree distribution alone it might be impossible to distinguish 

“preferential attraction” and its mechanism from “preferential activity” with nothing but 

randomness operating in choice of an alter. In addition, there are localized processes that 

when summed over localities form degree distributions that are power-law even though the 

distributions for local regions are not. In his popularization of scale-free networks as 

explanatory models Barabási (2002) makes the mistake of inferring a generative network 

model such as p(k)~1/k and preferential attachment from a power-law tendency exhibited by 

a degree distribution.  

The generative feedback network model of White, Kejžar, Tsallis, Farmer, and White 

(WKTFW) (2006) provides a plausible account of network formation for social processes that 

reflects three commonly observed tendencies in both the generating model and the degree 

distributions of simulated networks: an activity bias with probabilistic p(k)~k-α where α is an 

activity exponent that might vary from 0 to 1; an exponent γ that might vary from 0 to 1 to 

                                                 
2 Outcome distributions of cumulative P(x) ~ x-q have a valid probability density, provided that q>1 (for q=1 the 
"density" doesn't integrate to one, which is not generally a problem since in the range of the Zipfian q~2) and 
yield MLE estimates that are asymptotically unbiased, consistent and asymptotically normal, but not unbiased 
for small samples. 
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parameterize p(k)~k-γ to describe probabilistic (by parameter γ) how “small world” 

instructions might be phrased when the activated node sends a token in a parameterized 

search process varying from random (γ = 0) to fully hub-to-hub (γ = 0) traversal of that 

node’s network (i.e., “please forward to the greatest hub in your network until a target is 

found that fits description x”), and a distance decay bias β for probabilistic selection of a 

distance d that the token will travel before sufficient time to elapse that the active nodes 

recruits a partner from outside the network.  

This “social circles” model mimics new-tie formation that results from attempts to find 

suitable partners within a personal network with whom to form a new (feedback) link and, 

failing that, to recruit a new partner from outside. It encapsulates processes that may tend 

(depending on the parameter settings) to lead to power-laws in the tails of degree distributions 

(“scale-free” tails), tendencies for such degree distributions to approach power-law tails only 

asymptotically, tendencies for there to be fewer members in networks than the number 

expected from power-law extrapolations of the power-law tails, tendencies for social circles 

and local clusters to form even in large networks (“small-world” tendencies), tendencies for 

reciprocity to occur in social networks, and tendencies for new nodes to be recruited into a 

social network at a self-regulated rate that would account for low network density and the 

absence of network saturation into local clusters that are much more dense than needed for 

social cohesion to operate. Further detail may be found in the description of the model. 

Several features of this model are of special interest. One is that it has the potential to 

represent, through its three parameters (α,β,γ), a wide range of different mixes of the 

tendencies of different observed social networks. We call this property “broad potential 

verisimilitude.”  

Second, all the degree distributions of the networks produced by the simulation are fit by 

a single equation which itself has three parameters: δ, q, and κ. As shown in Table 1 

(WKTFW 2006:5), fit to this equation is tested by Kolmogorov-Smirnoff (KS) and Wilcoxon 

rank sum (W) tests. In this model, in addition to a normalizing constant p0 needed for a 

probability distribution, the probability of a node occurring with degree k is p(k)=p0kδeq
k/κ, 

examined after motivating use of a 1-1 (α,β,γ) ↔ (δ, κ, q) mapping from theoretical model to 

empirical data. 

 3



Motivation  

Findings of empirical studies done after development of the feedback network simulation 

motivate the questions addressed here. Certain empirical network studies are found where the 

degree distributions of networks fit the equation for networks simulated by the social-circles 

model better than any other family of distributions than we can identify (power-law, 

exponential, loglinear, etcetera). This is true, for example, for a study of groups of people in 

different communities were the data consist of complete nominations of intra-community 

links on a number of different dimensions, and relevant attribute and contextual data are 

collected as well. For 5 groups and data on seven network in each, the networks represent 

salient activities or problem-solving ties within the context of the community, and lend 

themselves to interpretations from the (α,β,γ) ↔ (δ, κ, q) mapping of parameters from the 

social circles model.  

The Simulation Networks and its Generative Parameters  

Networks with N=250 and N=5000 nodes were simulated from the feedback model for 12 

combinations of parameter values [(α=0, .5, 1) x (β = 1.4, 1.6) ) x (γ = 0, 1)]. Each parameter 
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combination was realized 10 times, for a total of 120 networks. Degree distributions were 

summed for each parameter combination (WKTFW 2006:4, FIG. 3).  

As shown in FIG. 3, parameter α governs the shape of the degree distribution, whether 

power-law (α=1) or more exponential (α=0), or a mixture of the two (α=.5). γ tends to govern 

the power-law slopes of the tails of the distribution, but other variables affect this as well. β 

has an effect on the bend in the curves.  

 
Key statistical aspects of the simulation of concern here are these (WKTFW 2006:5): 

 “Despite that fact that network formation in our model depends purely on local 
information, i.e., each step only depends on information about nodes and their nearest 
neighbors, the probability of cycle formation is strongly dependent on the global 
properties of the graph, which evolve as the network is being constructed. In our model 
there is a competition between successful searches, which increase the degree of two 
nodes and leave the number of nodes unaltered, and unsuccessful searches, which 
increase the degree of an existing node but also create a new node with degree 1. 
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Successful searches lower the mean distance of a node to other nodes, and failed 
searches increase this distance. This has a stabilizing effect—a nonzero rate of failed 
searches is needed to increase distances so that future searches can succeed. Using this 
mechanism to grow the network ensures that local connectivity structures, in terms of 
the mean distance of a node to other nodes, are somewhat similar across nodes thus 
creating long-range correlations between nodes. Because these involve long-range 
interactions, we check whether the resulting degree distributions can be described by the 
form 

p(k)=p0kδeq-
k/κ   (4)  

where the q-exponential function eq
x is defined as 

eq
x = [1+(1-q)x]1/(1-q)   (eq

x = eq
x ),  

if 1+(1-q)x > 0 and zero otherwise.” 
 

This function “arises naturally as the solution of the equation” dk/dt=kq, which is k=eq
at = 

[1+(1-q) a t]1/(1-q). If you take q=1, then you have k=e at. All 12 simulated degree distributions 

were found to fit this probability distribution function, which for degree k combines a power-

law term kδ with a stretched exponential term eq
-k/κ.  

Parameter q>1 measures departure from an exponential (degree) distribution toward a 

Pareto I tail, and 1/(q-1) estimates the asymptote to a power-law at the tail, as seen in FIG. 3. 

The Pareto II or q-exponential is the mix of Pareto I and exponential. The scale parameter κ 

governs the cross-over in the q-exponential deviation from Pareto I to a Pareto II distribution 

in degree, seen as curvature in FIG. 3. 

FIG. 5 (WKTFW 2006:5) shows how outcome parameters q and κ are related to the 

generating parameters. The data in figure 5 and 4 (linear relation between α and δ) are used to 

map the generating parameters to output parameters for degree distributions. 
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Requirements for 1-1 Mappings: Halbert White (2007, personal communication): 

“Let ψ(κ; α,β,γ) define the true degree density implied by the generative 
model for feedback networks introduced by D. White, Kejžar, Tsallis, Farmer, 
and S. White (2006) (WKTFW). Let p(κ; δ,κ,q) define the q-exponential density 
proposed by WKTFW to approximate ψ. Maximizing the sample likelihood with 
respect to the parameters δ,κ,q when p is not necessarily identical to ψ yields a 
quasi-maximum likelihood estimator (QMLE) (e.g., H. White (1982, 1994)). 
The quasi-maximum likelihood estimator converges under conditions given by 
H. White (1982,1994) to the solution to the problem 

 

q,,
max
κδ

 ℓ (δ,κ,q;α,β,γ) ≡ ∫ ln p(κ; δ,κ,q)( κ;α,β,γ) dη(κ), 
 

where ηis the counting measure on the integers. 
When, as is typically the case, the above maximization problem satisfies the 

hypotheses of the theorem of the maximum (e.g., Berge, 1963), the solution can 
be represented as 

δ* = D(α,β,γ) 
κ* = Κ(α,β,γ) 
q* = Q(α,β,γ), 
 

where F ≡ (D,K,Q)′ represents a non-empty, compact-valued upper hemi-
continuous correspondence. (White and Chalak, 2006, Theorem 4.2 gives 
conditions for application of the theorem of the maximum in a related context.) 

If in addition ψ is such that F′ obeys the conditions of the inverse function 
theorem (among other things, F is continuously differentiable with non-zero 
Jacobian at (αo,βo,γo), (|J(αo,βo,γo)|), then there exists a function F-1 such that 

 

 (α,β,γ) ′ = F-1(δo,κo.qo) 
 

for all (α,β,γ) in an open neighborhood of (αo,βo,γo). These conditions can be 
verified to hold for a broad class of functions ψ.” 
 

Mapping the Simulated Networks to the Generative Parameters  

One plan for estimating the 1-1 functions involve three stages is: first, estimate the two 

trend surfaces, second, identify and solve convergent simultaneous equations, third, check the 

White-Chalak (2006), H.White (1994), and Berge (1963) conditions for 1-1 mappings: 

1a. Estimate (δ,κ,q) as functions of (α,β,γ) from the published trend surfaces (creating a 

complete dataset for the six variables from FIG. 5 (WKTFW 2006:5). 

1b. Estimate (α,β,γ) as functions of (δ,κ,q) from dataset as a trend surface. 

2. Checking results in terms of solving for each one set of functions by solving 

simultaneous equations, one from the other. 

3. Checking conditions. 
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An alternate plane by Scott White is to configure the 3-dimensional representations of the 

trend surfaces for δ, κ, q, as f(α,β,γ), and vice versa and solve the simultaneous equations by 

reconfiguration of the 3D space. 

At a much cruder level of approximation, preliminary estimations of three outcome 

parameters of the fitted parameters were done by various forms of regression from the 

generating parameters as independent variables (WKTFW: figures 4 and 5). These are only 

provisional or indicative experiments:  

δ = -1.5 α   (95% adj. R2)   1  

q = γ    (66% R2) (quadratic)  2 

q-1 = .25 + .3γ  (26% adj. R2)   2 

q = 1 + .9α -6αγ(β-1)2  (84% adj. R2)   2 

γ = q     (60% R2) (not comparable) 2 

γ = .41 + .9(q-1)   (26% adj. R2)  2 

κ =246γ(1-α)(β-1)4  (87% adj. R2)   3  

Reversing the functional relations, these equations may be solved for α, β, γ as a function 

of outcome parameters and re-estimated by regression analysis: 

α = -δ/1.5           3  

β = 1 + κ/246γ(1+δ/1.5))1/4  (87% adj. R2)     4 

 ^^(k-1.5)?  

γ = (1-q + α/1.1)/ 6α(β-1)2 substituting β and δ into γ   5 

γ = ((1-q -δ/1.5/1.1)/-6δ/1.5(κ/246 (1+δ/1.5))1/2)2/3 (now a function of fitted parameters) 

Thus 

β = 1 - 1.5κ/246((1-q -δ/1.5/1.1/6)/ δ (κ/246 (1+δ/1.5))1/2)2/3(1+δ/1.5))1/4  4 

β = 1 - 1.5κ/246((1-q -4.4δ)/ δ (κ/246 (1+δ/1.5))1/2)2/3(1+δ/1.5))1/4   4 

Interpretation 

Because these functions are approximate estimates by regression, they may be improved. 

They help to show the effects of each process in the simulation models, and the interactive 

effects between them.  

The activity bias α has a 1-to-1 relation with an outcome parameter for degree 

distributions, so it may be recovered from an empirical network from parameter δ. The 
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distance decay β and traversal γ parameters may be recovered but complex nonlinear 

equations.  

As shown in FIG. 5 (WKTFW: 6), γ produces both high q and high κ. This needs to be 

taken into account in the equation for κ. Retrodicting the generating parameter γ seems to 

involve the most complex nonlinear regression estimate.  

Conjecture for Deriving an MLE of p(k)= p0kδeq-
k/κ for use in estimating its 

parameters from Empirical Networks 

In the empirical network, using Spss nonlinear regression, equation (4) seems to 

characterize the empirical degree distributions. The question is whether we can do MLE 

estimation of equation 4. Shalizi (2007) provided an MLE solution for Pareto II which 

provides unbiased and efficient estimates of parameters for the q-exponential (the two are 

equivalent under 1-1 parameter remappings).  

The conjecture, because the two components of the equation, p(k)= p0kδeq-
k/κ, have MLE 

solutions (Pareto I and II), is that their product has an MLE solution. This would involve 

following out Shalizi’s (2007:2) derivation for Pareto II, starting with 

P(X ≥x) = xδ (1+x/σ)-Ө 

Derivation of the appropriate formula to optimize for an appropriate MLE solution to this 

equation seems an open problem, since a prior solution has not yet surfaced.. 

Interpretation in the Application Context 

In a study of Chinese migrant networks involving of 7x5 or 35 networks on 200 people in 

each of 5 urban migrant communities, each responding to how they relate to each other 

migrant in their group, all 35 networks have degree distributions that fit the q-exponential 

quite well. This should entail an even better fit to eqn. 4 since if δ=0 the two are equivalent, 

do adding δ can only improve fit (but: at the cost of an extra parameter. 

The empirical observation predicted is that the three fitted parameters (δ, k, q) in the 35 

networks map to (δ, k, q) in the simulated networks and these map back to the α,β,γ in the 

generative feedback network model. 

We have examined this mapping without MLE and found it to be substantively 

meaningful: the generative feedback network model seems to represent in quantitative terms 

the type of process that generated these networks, and the interpretation of the α,β,γ 
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parameters of the generative model are substantively meaningful for (and correlated with 

features of) the 5 populations and 35 networks (in the 7x5 factor design). 

Starting from the Simulation itself 

An alternative suggested by H. White is to express the generative process in terms of 

Fokker-Planck equations or something similar, and solve for the stationary distribution. 

Concluding questions 

Can we regard the feedback network or social circles model in the same light that 

Barabási asked us to regard the scale-free model? This model has not only “broad potential 

verisimilitude” but actual verisimilitude to the full range of all the networks observed in an 

empirical study, under assumptions such as dx/dt=xq,” which acts like a variable parameter 

exponent in p(k)~k-α, generalizing the scale-free model to a special case of a scale-dependent 

model? If so, can we also use this as a modular component of more general set of models, 

such as adding MLE testing of the social circles and, for example, the triads census, 

simultaneously? (A suggestion of Katie Faust). 

Although the social circles model has broader verisimilitude than the scale-free model, we 

must be careful about what might be concluding by fitting the model, or this model plus 

others. As in loglinear we can say we accept the null hypothesis of the social circles model 

fitting the data although we cannot reject that there might be some better alternative model. 

But can the social circles model then provide one of the general frameworks in which we can 

examine theoretical and comparative statements about the parameters for basic processes that 

might explain the differences in properties of our data, network by network, community by 

community, and tracing the empirical attributional, contextual or observed processes that 

correlated with variations in the inferred social circles model parameters. With MLE the 

estimates of the empirical degree distributions in the survey data are unbiased. If these values 

are within the ranges of those of the simulated networks of the model, then with the mean 

value parameterization theorem we are assured of a valid 1-1 mapping from these simulated 

parameters back to the parameters of the model. The existence of such a 1-1 mapping is 

already evident in the figures in the original publication of the model that describe the 

generative results.  
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